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ABSTRACT 

We prove a twisted analogue of the result of Rodier and Mceglin- 

Waldspurger on the dimension of the space of degenerate Whit taker  vec- 

tors. This allows us to prove that  certain twisted endoscopy for GL(n) 
implies the (local) generic packet conjecture for many classical groups. 

1. I n t r o d u c t i o n  

The Whit taker  model of an irreducible representation was first introduced by 

Jacquet-Langlands as a natural local counter part  of the Fourier coefficients 

of automorphic forms on GL(2). Its extension to GL(n) was used extensively 

by Bernstein-Zelevinsky to study the irreducible representations of GL(n) over 

a p-adic field [4], [20], which later played a fundamental role in the study of 

the Rankin-Selberg L-functions of GL(n) by Jacquet-Piatetskii-Shapiro-Shalika. 

Their results suggest certain relationships between the representation theory of 

reductive groups over a local field and certain automorphic L and c-factors, as 

was conjectured by Langlands. 

Let F be a local field and G a connected reductive quasisplit group over F.  Take 

a Borel subgroup B of G defined over F and write U for its unipotent radical. We 
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can speak of the Whittaker model associated to a character Cu of U(F) ,  which 

is non-degenerate in the sense that its stabilizer in B (F )  equals ZG(F)U(F) .  If 

an irreducible smooth representation 7r of G(F) is Cv-gener ic ,  i.e., if it admits 

a Whittaker model, then Shahidi defined a large family of its corresponding 

automorphic L and e-factors, and obtained the desired relationships [16]. Thus 

we might expect that his results can be extended to the representations which 

are not Cv-generic for any Cu. 

Conjecturally the set Iltemp(G(F)) of isomorphism classes of irreducible tem- 

pered representations of G(F) should be partitioned into a disjoint union of finite 

subsets II~, called L-packe t s  parametrized by the so-called Langlands parame- 

ters ~ for G. The elements of II~ should share the same L and c-factors which 

can be directly defined from ~. Thus to extend Shahidi's definition of Euler fac- 

tors, it suffices to find a generic element in each II~. This is exactly the assertion 

of the gene r i c  packe t  c o n j e c t u r e .  Besides the case of archimedean F which 

was settled by Vogan [19], little is known about this conjecture. 

From now on, we assume that F is non-archimedean. Then before discussing 

the generic packet conjecture, we must assume that the tempered L-packets are 

defined and satisfy some reasonable properties. At present, these assumptions are 

verified only for Gn(n), SL(n) and U(3). The conjecture in the GL(n) and SL(n) 
cases are due to Bernstein [20]. On the other hand, Gelbart-Rogawski-Soudry 

obtained a beautiful description of the endoscopic L-packets of U(3) in terms of 

theta liftings, and deduced the conjecture for them [7]. More recently, Friedberg- 

Gelbart-Jacquet-Rogawski established the generic packet conjecture for the rest 

(stable) tempered L-packets of U(3) by comparisons of the relative trace formulae 

[6]. Their results also include the global counter part of the conjecture. These 

approaches are different from the method of Vogan which relates the genericity 

to certain growth property of representations. To treat the general case, it is 

desirable to have a method similar to his. In fact, a result of Rodier [14] relates 

the genericity of an irreducible representation lr with the asymptotic behavior 

of the distribution character tr 7r around the identity. If a tempered L-packet 

II of G is endoscopic, we have a tempered L-packet II H of an endoscopic group 

H which lifts to II. In this situation, Shahidi uses Rodier's result to reduce the 

generic packet conjecture for II to that for II H [16, w 9]. 

In this paper, we shall examine an extended version of Shahidi's approach. We 

shall establish a certain twisted version of [14]. Then we apply this to the (still 

conjectural at present) twisted endoscopic lifting for GL(n) with respect to an 

outer automorphism 0 [2, w 9], which gives liftings of the tempered L-packets of 
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many classical groups to irreducible tempered representations of GL(n). Then 

we deduce the generic packet conjecture for these classical groups fl'om the exis- 

tence of such twisted endoscopic liftings. Since Arthur's program on the twisted 

endoscopy for GL(n) is considered as the only realistic way to determine the L- 

packets (and Arthur packets) for classical groups, our result can be taken as an 

assertion that the generic packet conjecture is not far beyond the determination 

of tempered L-packets. On the other hand, because of the use of passage to Lie 

algebras, the restriction on the residual characteristic (it must not divide the 

order of 0) is inevitable. 

Now we shall explain the ingredient of the paper. We shall prove a twisted 

analogue of the result of Mceglin and Waldspurger [13] rather than that of [14]. 

This facilitates us to consider more interesting examples of twisted characters 

of non-generic representations. In w we review the definition of the space of 

degenerate Whittaker vectors and specify the action of an automorphism 0 of 

finite order on it. To formulate the twisted analogue of the result of [13], we 

recall the local expansion of twisted characters [5] in w The twisted version is 

stated in w (Th. 4.1). Since [13] establishes some parts of Kawanaka's conjecture 

[10, Conj. (2.5.3)] on the relationships between degenerate Whittaker models and 

the wave front set of irreducible representations, we hope our result will shed some 

light on the conjecture also. This section also contains a few examples. The key 

ingredient of the proof is the explicit descent to G e(F) of the test function T~ 

of [13]. This is done in w Combining this with the infinitesimal construction 

of [13], which we review in w the proof of Th. 4.1 is completed in w In the 

final section w we combine our result with the conjectural character identity in 

the twisted endoscopy for GL(n) [2], and deduce the generic packet conjecture. 

The argument is quite similar to [16, w 9]. In the appendix, a classification of the 

elliptic twisted endoscopic data for GL(n) is given. 

Although our method works only in the case G = U(3) at the moment, where 

the result is already known by [6], it should be applied to more wider class of 

groups once the twisted endoscopic lift is established. Degenerate Whittaker 

models were used by Mceglin to define the wave front sets for representations of 

p-adic groups. She also obtained many interesting results about this wave front 

set and its relationships with the theta correspondence. It should be interesting 

to consider the twisted analogues of these results and the behavior of the wave 

front sets under twisted endoscopic liftings. The examples contained in w already 

suggest some basic principle in this direction. 

ACKNOWLEDGEMENT: The author heartfully thanks the referee for pointing 
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out various errors in earlier versions. He is also grateful to the participants of 

the Seminar on Automorphic Forms and Representations, K. Hiraga, T. Ikeda, 

Hisayoshi Matumoto, K. Konno, H. Saito, T. Takahashi and T. Yamazaki for 

s t inmlat ing discussions and encouragement. 

2. A u t o m o r p h i s m s  and  d e g e n e r a t e  W h i t t a k e r  m o d e l s  

Let G be a connected reductive group over a p-adic field F of odd residual char- 
acteristic. We fix a non-tr ivial  addMve character  '(~ of F, and a non-degenerate  

G(F)-invariant bilinear form B ( .  ) on the Lie algebra $(F)  of G(F).  

2.1.  DEGENERATE WHITTAKER MODELS. Recall tha t  a degenerate  Whi t t ake r  

mo(M (or a generalized (~elfand-Gracv model)  is assoeiatcd to a pair  (N. r [13. 

1.7] ((:f. [10. 2.2]). Here N E ~t(F) is a nilpot(mt element and r (~,,,, -+ G is an 

F- ra t iona l  homomorl)hism such tha t  

Ad(O(t))N = t -2N.  Vt C (~ ..... 

Let us re(:all the construction.  0 gives a gradat ion 9 = (~ic::: 9i. where 

9, := {X �9 ~1 h d ( r  = ?X .  t �9 ~,,~}. 

If we write ~N for the centralizer of N in 9. then we can take its A(I(r  ))-stable 

('omi)l(nnent m in g: 9 = ra �9 O N. The above gradat ion restri(:t.s to gra(lations 

m ---- ( ~ i E [  mi alld 9 N ---- (~ i6 : :  9N" W'e intro(lu(:e two mf ipo ten t  s l tbgrollps 

V := cxp(Z ,). V := ext,(   + Z g ' ) "  
i>1 i>2 

The character  

x: V ( F )  ~ expX, ~ "r X ) )  c C 1 

is well-defined and stable llnder A d ( U ( F ) )  [13, 1.7 (2)]. 

BN(X ,Y) :: B(N,[X,Y]) ( X , Y  E t~) 

restricts to a non-degenerate alternating form on m. In fact it is a duality between 

mi and m2-i for i ~ 1 and an alternating form on ml. Define 7-/N = 7-/N,~ to be 

the Heisenberg group associated to (mr(F), r  if mr is not trivial, and C 1 := 

{z  C C ] z 2  = 1} otherwise. (pN,SN) denotes the unique irreducible smooth 

representation of ~'~N on which the center C 1 acts by the identity representation 

(multiplication). We have a homomorphism 

PN: U(F) ~ expX,  ) (X~;  r  Z) ) )  �9 7-/g, 
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where X{" is the rill (F)-component of X under the decomposition Lie U -- ml (~ 

91 g @ ~-~/>2 9i. Write fin := PN o PN. 

N o w  let (7r, E)  be an admissible representation of G(F). We have the twisted 

coinvariant space [3] 

Ey, x := E/E(V,  X), 

E(V, X) := Span{Tr(v)  - X(v) l v V ( F ) ,  C E} .  

Clearly, U(F)  acts by some copy of f in  on  Ev, X. Define the space of d e g e n e r a t e  

W h i t t a k e r  ve c to r s  with respect to (N, r by 

WN,r := Homu(F)(fin, Ev, x). 

2.2. ACTION OF AUTOMORPHISMS. Let 0 be an F-automorphism of finite order 

of G. Then 0 is automatically quasi-semisimple and a theorem of Steinberg 

shows that G o is reductive. Write G + for the (non-connected) reductive group 

G >~ (0). We impose, from now on, that B( ,  ) is 0-invariant, N 6 g~ and r 

is G~ The complement m of 9 N can be chosen (and we do choose) to be 

0-stable. Following [1], we write H(G(F)8) for the set of isomorphism classes of 

irreducible admissible representations of G+(F) whose restrictions to G(F) are 

still irreducible. Also write E for the group of characters of 7r0(G +) = (0). 

Since 7/N is 0-stable (we let 0 act trivially on the center C1), we may form 

7-/+ := ?'in >4 (O}. PN is also 0-stable and we fix an isomorphism pN,+(O) : 
O(pN)-U+pN satisfying pN,+(0) t = id. This extends PN to an irreducible represen- 

tation PN,+ of 7-/+. 

Take (Tr, E) 6 H(G(F)0).  On the space l/YN,+(Tr) of degenerate Whittaker 

vectors for 7rIG(F), we define the action of 0 by 

0(0): 8NPN'+(O))-IS N '~>Ev, x~(--~Ev, x. 

Set U + := U )~ (O> and extend PN to U+(F)  --+ "7-{+ by pN(O) = 8. If we write 

P+ := Ind~ + PN and fi+ := p+ opN , then the Mackey theory p+ ~_ (~r162 
gives 

WN,r "" Homu(g)(E~, x, ~VN) ~ Homu+ (F)(E~/,x, IndUCE (F) fi~v) - -  ( ) 

~- Homu+ (F)(fi+, Ev, x) "~ ~ Homu+ (F)((fin,+, By, x). 
r 

Here 7r* denotes the dual of 7r while 7rv is its contragredient. Putt ing kVN,r (7r)r := 

HomV+(F)((fN,+, EV, x), we have 0((I)) = ((0)(I) for (I) C l/YN,r162 and hence 

(2.1) tr(OlWN,~(Tr)) = ~ ((0) dirnWg,r162 
~6E 
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3. L o c a l  e x p a n s i o n  o f  t w i s t e d  c h a r a c t e r s  

Let us recall Clozel's result on the singular behavior of twisted characters [5]. To 

state the result, we need Har ish-Chandra ' s  descent in the twisted case [loc. cir. 
3.4]. 

3.1. DESCENT IN THE TWISTED CASE. We shall be concerned with the distri- 

butions invariant under the 0 - c o n j u g a t i o n :  

Ado(g)x :=  gxO(g) -1, g, x �9 G(F). 

Writing g ( 0 ) : =  (1 - 0)g c it, set 

G~ := {g �9 G~ det(Ad(g)  o 0 - 119(0 , F ) )  r 0}, 

ao  := Ado(G(F))G~ 

fro is a dense, Ado(G(F))-invariant subset of G(F). Moreover, the :nap 

G(F) x G~ ~ (g,m), ) Ad0(g)m �9 G(F) 

is submersive [15, Prop.  1]. Then  [8, Th. 11] asserts the existence of a surjective 

linear map 

such tha t  

CF(G(F) • a ~  ~ - ( g , - ~ )  ~-~ ~(x)  �9 CF(ao) 

s s m)r dg = 
for any (I) C C~(G(F)) and fixed invariant measures on G(E) and G~ We 

write 7?(X) for the space of distributions on a l-space X in the sense of [3]. Dual  

to the above map is 

7)(f~o) ~ T ,  ) 7- E Z)(G(F) x G~ 

given by (T, O~) :=  (T, ~o). Of course the map c~ ~-+ ~o is not injective, but  

r  :=  f o~(g,m)dg E C~(Ge' (F)) 
JG (F) 

is uniquely determined by ~. 
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LEMMA 3.1: For any Ade(G(F))-invariant T C D(~e), there exists an 

Ad( Ge ( F) )-invariant distribution aT C I)( Ge' ( F) ) such that 

<T,v> = <~r,r Vv �9 C~(~o). 

In the ordinary case, this is [8, Lem. 21]. The word-to-word translation to the 

present case is easy. 

3.2. LOCAL EXPANSION. Now let (re, E)  �9 r I (G(F)0) .  The distribution 

O~,e(f) := tr(re(f) o re(e)), f �9 C~(G(F))  

is called the t w i s t e d  c h a r a c t e r  of re. This is clearly Ade(C(F))-invariant and 

we can apply Lemma 3.1 to have an invariant distribution fl~ on Ge'(F) such 

that  

e~,e(~) = fi~(r V~ �9 C ~ ( ~ e ) .  

Clozel showed that  this ~ is "close to being admissible". In particular, we have 

THEOREM 3.2 ([5] Th. 3): Write N'(ge(F))  for the set ofnilpotent Ad(Ge(F)) -  

orbits in ge(F). Then there exist a neighborhood U~,e of O in g~ and complex 

numbers co,e(re), o �9 Af(ge(F)) such that 

(3.1) r = ~ co,e(re)~o(r o exp) 
ocev'(~O(F)) 

holds for any ~o �9 C~(~o)  with supp(r o exp) C U~,o. Here we have fixed 

invariant measures dg and dpo(X) on G(F)  and o �9 N'(g~ respectively. ~o 

denotes the Fourier transform of the orbital integral on o: 

~o (r o exp) := [ (r  (X), 
Jo 

w h  ere 
A /, 

r B( X, Y) )dY. ( r  := e(F) 

Remark a.a: The constants eo,o(r~) are unique up to factors determined by the 

choice of invariant measures. We follow the choice made in [13, 1.8]. That  is, we 

fix a self-dual invariant measures dX and dY on g(F) and g~ with respect to 

r o B, respectively. By BN, the tangent space TNO of o C N'(ge(F))  at N E o 

is identified with 9e(F)/gg,e(F) ~_ me(F).  Then we fix a self-dual invariant 

measure with respect to r o BN on it. This determines an invariant measure #o 

on o. Finally, we fix an invariant measure dg on G(F)  so that  the absolute value 

of the Jacobian of exp relative to dX and dg at 0 is 1. 
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4, A twisted analogue of  the result of  [13] 

4.1. THE RESULT. Now we can state our main result. Let (~r, E) E II(G(F)O). 

Then we have the character expansion (3.1) and the ordinary character expansion 

at the identity [9, Th. 5] 

O~hr(~(F)) 

As in [13], we write AfB(Tr) for the set of D C Af(g(F)) such that c~(~r) ~ 0. 

Similarly, AfB,e(~r) denotes the set of o C Af(g~ such that co,o(~r) ~ 0. We 
--  - -  ~ '  (71") max  have a partial order ~ > kW on Af(9(F)) defined by D ~ Write AfB 

for the set of maximal elements of AfB(n) with respect to this order. We have a 

similar order on Af(9~(F)), and ~he subset J~B,e(~r) ma~ of maximal elements i~ 

AfB,e(r). But what we need below is the set Also (Tr) ma~ of 0 E AfB,e(Tr) such that 

the Ad(G(E))-orbit  D C Af(9(F)) containing it belongs to N~(Tr) m~. 

Again following [13], we write Afwh(~r) for the set of D E Af(9(F)) such that 

WN,r r 0 for N C k3 and a suitable choice of r The subset of maximal 

elements J~Wh(OT) raax is also defined. Let us write AfOwh(n)m~ for the set of 

C Af(9~ such that 

(i) the element s E JV'(g(F)) containing o belongs to Afwh(Tr)m*~; 

(2) for some N ~ 0 and a suitable r WN,r is 0-stable and tr(0[WN,r r 0. 

By [13, 1.16, 17] (1) assures that dimWN,r = c9(7r) is finite. Thus the 

condition (2) makes sense. 

THEOREM 4.1: Suppose g is prime to the residual characteristic of F, which we 

assume to be odd. 

( 1 )  = c 

(2) Let o C Af~(Tr) m~. Then for any choice of N E o, r and m as in w we 

have tr(O[WN,r : co,o(r) modulo L th  roots of unity. 

Remark 4.2: In (2) above, the ambiguity o f / - t h  roots of unity occurs because 

our choice of the extension PN,+ of PN is arbitrary. In the proof of this theorem, 

we shalJ adop~ a particular choice of P~v,+ (see w be)ow) and prove the exact 

equality with that choice. In particular, if (N, r is chosen so that ml = 0, we 

have the equality without any ambiguity. 

4.2. EXAMPLES. Let us look at some very basic examples of the above the- 

orem. First we consider the case of Gn := ReSE/F GL(n) for a finite cyclic 

extension E / F .  Take the automorphism O to be a composite ~1 o ~, where 01 
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is any automorphism of GL(n)E of finite order and ~ is the F-automorphism of 

ReSE/F GL(n) associated to a generator a of Gal (E/F) .  

Recall the Zelevinsky classification of irreducible admissible representations of 

Gn(F). A s e gmen t  Aa,m is the sequence [a + 1, a + 2 , . . . ,  a + m] of integers. 

IAa,ml := m is the l eng th  of Aa,,~. For an irreducible supercuspidal representa- 

tion p of Gd(F) and a segment Aa,m, we write (A~,m)p for the unique irreducible 

subrepresentation of the parabolically induced representation 

�9 G~m(F) mdp(am/(F)[(pl det IT  1 | Pl det IT  2 |  | Pl det ~+m~ E ,' | 1U(d,n)(F)]. 

Here P(d m) denotes the standard parabolic subgroup of Gdm associated to the 

partition (d m) = (d, d , . . . ,  d) (m-tuple) and U(d m) is its unipotent radical. A 

mu l t i - s egmen t  is a finite sequence A~,m = [A~, m l , . . . ,  A~,m~] of segments 

= { m = _ _  (a a i {mi}l<i<~) satisfying ai >_ aj for any 1 <_ i < j < r. 

Then for an irreducible supercuspidal representation p of Gd (F), the parabolically 

induced representation 

ind~,~ ~' [(<Aal,r~)p |  0 <A~,,~)p) 0 1Ugh(F)] 

admits a unique irreducible subrepresentation (A~,m)p. Here Im[ = ~ i~1  mi 
and dm denotes its partition (din1,.. . ,  dmr). Now the Zelevinsky classification 

can be stated as follows. 

PROPOSITION 4.3 ([20] Th. 6.1, 7.1): (i) Take a finite family of pairs 
(Aaj,m~, Pj)l<j<s, where A~j,m~ is a multi-segment and pj is an irreducible su- 
percuspidal representation of Gdj (F) (1 <_ j <_ s) satisfying P i r  Pj, i r j. Write 
n = (n l , . . . , ns )  with nj := [mj] and n := [n[. Then the parabolically induced 
module 

�9 G , ~ ( F )  
( (Aa j ,mj ,  pj ) j )  :=  lndp,, [ ( (Aal ,ml)Pl  @ ' ' '  @ (A . . . . .  )Ps) | 1U.(F)] 

is irreducible�9 
(ii) Each irreducible admissible representation 7r of G~(F) is of the form 

((Aaj,mj,pj)j). The family (Aa~,mr is uniquely determined by 7r up 
to permutations. 

Let P be a parabolic subgroup of a connected reductive group G and D be 

a nilpotent M-orbit in the Lie algebra m of a Levi component M of P. Then 

the parabolically induced nilpotent G-orbit JaM(D) in g was defined by Lusztig- 

Spaltenstein [18, IL3]. A nilpotent orbit parabolically induced from the zero 

orbit i~({0}) is called the R i c h a r d s o n  orb i t  from P. It is known that  the 
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nilpotent orbits of g- = Lie G~ are all Richardson orbits. In fact, if a nilpotent 

orbit D has the elementary divisors (T - 1) nl , ( T -  1)n2, . . . ,  (T - 1) ~ ,  then it is 

the Richardson orbit i~n n ({0}) from P~n. Here tn is the partition corresponding 

to the transpose of the Young diagram associated to n (the partition dua l  to n). 

The following is a recapitulation of [13, Prop. II.2]. 

PROPOSITION 4.4: (i) ./V'Wh(((Aag,mi,pj)j)) max = ]kfB(((Aaj,mj,pj)j))  max" 

consists of tile Gn(F)-orbit  i~m~l__ . . . . . .  sds)({0}). Here m d denotes the partition 

(mr, "-, t) for m = ( m l , . . . , m t ) .  

(ii) For N �9 iaml~ 1 _  ..... m~)({0}) , the space Wg,r  is one 

dimensional. 

Applying Th. 4.1 (2) to this, we have the following. 

COROLLARY 4.5: Suppose an F-automorphism 0 of Gn has the finite order prime 

to the residual characteristic o f F .  Then for each 7r �9 II(Gn(F)O), the twisted 

character O~r,e is not zero. 

Similarly we deduce the following from the uniqueness of (non-degenerate) 

Whittaker models [17]. 

COROLLARY 4.6: Suppose an F-automorphism 0 of  a connected reductive 

quasisplit F-group G has the finite order prime to the residual characteristic 

o f F .  Let X be a character of  the unipotent radical U(F)  of an F-Borel subgroup 

B ( F )  such that Stab(x, B(F)) = ZG(F)U(F). Then the twisted character 0~,o of 

an irreducible x-generic representation zr is not trivial. 

Remark  4.7: Both of these follow from the fact that the corresponding space 

]4;N,r is one dimensional. Otherwise, even if 1/YN,r r 0 the trace of 0 on it 

can be zero. An example of this phenomenon is constructed by Ju-Lee Kim and 

Piatetskii-Shapiro [11]. 

5. Infinitesimal construction of  Moeglin and Waldspurger 

Here we recall certain constructions from [13]. First we prepare some lattices in 

g(F).  

5.1. LATTICES AND ESTIMATION FORMULAE. We write O, p, qF and I IF for 

the ring of integers of F,  its unique maximal ideal, the cardinality of the residue 

field O/p and the absolute value on F normalized as usual, respectively. We also 

fix a uniformizer w of (9. We may assume that ~b fixed in w is of order zero. 

(This affects the statement only by multiplying some scalar to B( ,  ).) 
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For G and 0, we can take an F-group embedding ~: G ~ GL(n)F and a 

semisimple element ~) �9 GL(n,F) such that  ~ o 0 = Ad(0) o ~. Since 0 is of 

finite order, we may choose (~ in GL(n, 0). Write A ~ for the lattice t-l(gl(n, 0)) 
in g(F).  Obviously A ~ is 0-stable and satisfies [A ~, A ~] c A ~. Taking A' �9 N 

sufficiently large, we may assmne that  A := ~A'AL satisfes B(X,Y) �9 O, for 

any X, Y �9 A. 

Let p be the residual characteristic of F.  We write [F : Qp] = ef where e is 

the order of ramification and f is the modular degree of F over Qp, respectively. 

One sees immediately that  

ae  
ordF(a!) < - - .  

- p - - 1  

Let A �9 H be such that  exp]~A A is injective. For c �9 N, we replace A by 

A1 := sup(A, ~ + c + 2) to have [13, 1.1] 

(5.1) 

(5.2) 

VX �9 w'~A, VY �9 w'~A, with n, m _> A1 

l o g ( e x p X e x p Y ) -  (X + Y + ~[X, Y]) �9 wn+m+cA, 
I 

VX �9 w'*A with n > A1, VY �9 wmA 

Ad(expX)Y - (Y + ad(X)Y)  �9 w2n+mA. 

(5.3) VX C wnA ', VY c v~mA ', with n, m > D 

log(expXexpY) - (X + Y + l [ x ,  Y]) c 
I 

~n+m+c A, 
I 

(5.4) VX C wnA ' with n > D, VY �9 wmA ' 

Ad(expX)Y - (Y + ad(X)Y) �9 w2n+m-adA. 

A' C1 We note that  AN := ml x is a maximal abelian subgroup of 7-/N stable 

under 0. If we put A + := .AN )~ (0), then p+ = indn+[ind~ + X]. Let us denote 
AN 

the extension of X to A + such that  X+(0) = 1, and take PN,+ to be ind~ + X+ X+ 
A' in what follows. Then, writing L := expm 1 , we have 

M;N ~ (z0r = H o m v +  (F)(r Ev, x) = Hom~.+ (ind n+ ~X+, Ev, x) 
' / ~ N  \ .A  N 

Recall that  r  gives a duality of re(F) with itself. As in [13, 1.2], we introduce 

a lattice A' := m h' • ~-~ A M gN (F). Here m h' is a certain lattice in re(F) which is 

self dual with respect to r o BN and compatible with the gradation m = ~ i  mi- 

Fix d E N such that  ~ d A  C A I C "a:7-dA. We can deduce [loc. cit. 1.3] the 

following from (5.1) and (5.2). Fix C >_ 2d. For D > sup(A~ + d ,C  + 3d) we 

have: 
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~ (Ev ,~k .  _~ Hom~+ (r Ev,~) - L 

Here (EvL x)r denotes the ~(e)-eigenspace ofe  in ELv, x" In particular (2.1) becomes 

(5.5) tr(eil4;N,r (~)) --= E ~(e) dim(E~,x)r 

5.2.  SYSTEMS OF K-TYPES. It follows from (5.3) that Kn := expwnA ~ is a 
group which is stable under e for n > D. (5.4) assures that it is normal in 
Km if n > m > D. We shall also need K~ := Ad(r  Introduce 

the subgroups U,~ := U(F) A K~, t),~ := P(F) n Kn, U" := Ad( r  

P'~ :-- n d ( r  where ]5 denotes the parabolic subgroup of G whose Lie 

algebra is ~ :-- }-'~<o 9~" We know from [13, 1.4, 5] the following: 

- I  I (5.6) Kn = f)nUn, K~ = P,~U~. 

(5.7) {t),,},,_>D is a system of fundamental neighborhoods of 1 in P (F ) .  

(5.8) li_mU~ =exp(A'N91(F))U>_2(F), U>2 : = e x p E g i .  
n i_>2 

All of these subgroups are stable under e. We write H + for the semidirect product 
H x (e} where H is any one of these subgroups. 

Also, we have the characters [loc. cir. 1.6] 

Xn: K~ ~ expX,  > r X)) C C • 

and X~ := Xn o Ad(r U~n -+ C • . These are again e-stable and we 

extend them trivially on (e) to the characters X~,+ and X~,+ of K + and (K~) +, 

respectively. For ~ E E define 

E[r := {~ E E[ ~(k)~ = CXn,+(k)~, Vk �9 K+},  

E[~X~,+] := {5 �9 E[~(k )5  = ~X~,+(k)5, Vk �9 (K~)+}, 

In,m: E[~Xn,+] S ~ ~ Xm(k)Tr(kr �9 E[~Xm,+], 
meas g m  m 

, 1 f , l~n'm: E[~Xn'+] ~ ~ ~ JK Xtm(k)r(k)~dk �9 E[(Xm,+]. meas K~m 

The commutative diagram [13, 1.9 (1)] decomposes as a direct sum of the 

diagrams: 
In  m E[r ' > E[r 

~(~(~-~))1 1 ~(~(~-~)) 
E[r  ~ E[r +] 

s 
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6. An  explicit  descent  

Recall the function 
[ X n ( x )  -1 i f x E g n  

~n(X) 
L 0 otherwise 

from [13, 1.11]. Here we shall calculate the descent ~b~ of ~ to G~  

6.1. SOME SURJECTIVITY. Write 1~(0) :-- (1 - 0)~t and A'(0) :=  A' A g(0, F) .  

Pu t  K,,(0) :=  expw~A'(0)  for n >_ D. 

LEMMA 6.1: There exists no >_ D such that the map 

K, (O)  x K ,  ~ ~ (x ,y)  , > xy E K. ,  

is a~i isomorphism of f -spaces (in the terminology of  [3]) for n >_ no. 

Proo/? Since the derivation of the map at (1, 1) 

g(O, F) x g~ ~ (X,  Y)  ~-~ X + Y E t~(F) 

is smjeetive, it is submersive. In part icular  K D ( 0 ) K  ~ is an open neighborhood 

of 1 in G(F) .  and we can choose no E Z>0 such that  this neighborhood contains 

KI, , .  
Fix 'n. _> no. Each z E K ,  can be written as z = expXexpY with X E ~z:TDA~(0), 

Y C w D A  '~ Moreover. if we suppose X G ~7'A'(0), Y E wrA  '~ then (5.3) gives 

z = exp(\X + Y + + , 

with IX, Y] /2  E w27'-aaA ', Z E w2"+aA '. This combined with z E e x p w n A  ' 

in:plies X E w" 'A ' (0) ,  Y E w" 'A  '~ where r '  :=  i n f ( n , 2 r - 3 d ) .  Note tha t  

2r - 3d > r tbr r _> D. By repeating this, we conclude that  expX E Kn(0) ,  

expY E K,  ~ and the surjectivity is proved. To prove the injectivity, we suppose 

tha t  x, z '  E Kn(0)  and y E K,  ~ satisfy z '  = my. We write Y :=  logy,  X :=  logz .  

If Y E w " A  '~ then (5.3) gives 

~ E  Z E  . 

That  is, Y E ~r+~-3dA~e. Again repeating this, we have Y = 0 and x = x ~. 

Since the map is smooth  and submersive, it is an isomorphism. | 

We have assumed tha t  the order g of 0 is prime to the residual characteristic 

p of F .  Then  the polynomial  

j = l  
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modulo p cannot  have 0 as a root  with multiplicity greater than one. In other 

words, ~ - 1 is a unit in the integral closure of O in an algebraic closure F of F ,  

for any g-th root  of uni ty ~ other than  1. This implies (1 - 0 ) -15 ' (0 )  = A'(0).  

Pu t  g ~  :=  g ~ n G~ Kn,0 :=  Kn  n ft0 (cf. 3.1). 

LEMMA 6.2: There exists u > no such that 

Kn(0)  x K~ ' 9 (g,m) , ~ Ado(g)m �9 Kn,o 

is an isomorphism of g-spaces for n >_ u. 

Prod." Since G(F) x G~ ~ (g,m) , ~ Ado(g)m �9 •0 is submersive, there 

exists a neighborhood br of 1 in G(F) such that  b / ~  fie = Ado(Kno)K~ . (Note 

tha t  1 belongs to the closure of this latter set.) We choose u > no satisfying 

K ,  C L/. Let n > u. Then any z �9 Kn,0 can be wri t ten in the form z = 
Ot Ado(g)m, (9 �9 Kno, m �9 Kno ). Lemma 6.1al lows us to w r i t e g  = x . x  ~ for 

some x �9 Kno(0), x ~ �9 K~ Write y :=  Ad(x~  �9 K~ o. Define a sequence 

{nk}k>0 �9 N star t ing fi'om no above by the recursion nk+l :=  inf(n, 2nk - 3d). 

If  we suppose tha t  X :=  logx  �9 wnkA'(0) ,  Y :=  logy  �9 w"kA '~ then (5.3) gives 

(6.1) z = e x p X e x p Y e x p ( - O ( X ) )  

= exp(X + Y + ~ -  + Z1)exp(-O(X)) ,  3Z1 E vo2nk +d A ! 
I 

= e x p ( ( 1 - O ) X  + Y + [ ~  - +  ZI + [O(X)'X ~- Y ~- 

+ [o(x), IX, Y]] + �9 vj2nk+dAt 
4 ] 

= exp((1 - O)X + Y + Z3), Z3 �9 Viy2nk--3dAt. 

It  follows that  X �9 wnk+lA'(O), Y �9 ~vnk+lA '~ and an induction on k gives 

x �9 g n ( 0 ) ,  y �9 K ~ Conversely, for x �9 g n ( 0 ) ,  y �9 K~ (6.1) assures tha t  

Ado(x)y �9 Kn,0. Thus the well-definedness and the surjectivity are proved. 

Let us show the injectivity. Suppose g, g '  �9 Kn(0)  and m, m' �9 K ~ satisfy 

Ad0(g)m = Ado(g')m'. By Lemma 6.1, we write 9'9 -1 = xk with x �9 Kn(0) ,  

k �9 K ~  

Ado (x)(Ad(k)m) = m' .  

In t roduce the sequence {ak :=  kn - (3k - 2)d}keN. Suppose that  X :=  logx  �9 

wakA'(O), Y := l o g A d ( k ) m  �9 Y'  + w'~kA '~ with Y '  := l o g m '  �9 wnA '~ Then as 

in (6.1), we see tha t  

expY'  = exp((1 - O)X + Y + Z),  Z �9 wak+n-3dA t =- w~k+IA ', 
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and hence X �9 wak+~A'(0), Y �9 Y' + wak+*A'O. Again arguing inductively on k 

we see that X = 0 and Y = Y'. This also gives g = g'k for some k �9 K ~ But 

then Lemma 6.1 implies 9 = g'. Since the map is locally constant and submersive, 

the above implies that it is an isomorphism. I 

COROLLARY 6.3: For n > u, the map 

K n •  ~  ) A d o ( g ) m � 9  

is submersive. 

6.2. DESCENT FOR ~ n -  

LEMMA 6.4: / f  we set 

i . {~Tt~ --I an(g,m):= ~ x ~  J i f g E K , ~ , m E K  ~ 
0 otherwise, 

then an E C~(G(F) x G~ (F)) and we have, for s,d~ciently large n, 

fC(F) fGo(F)a,~(g, m)~(ado(g)m)dmd9 = fG(F) ~o,,(g)6'(g)dg, 

for any ~ C C~~ 

Proof' As above, let g = expX. k C S,~ (X C wnA'(0), k C Ue~), m C K~',  and 

write Y := log(Ad(k)m) E w'~A '~ (6.1) reads 

[o(x), X] 
ado(9)m = exp(Y + 2 + (1 - O)X 

[(1 + O)X, Y] [0(X), [X, Y] + 2Z1] + Zl + Z2 ~ ) + 
2 + 4 

for some Za, Z2 C w2~+C-dM. Since 

[0(X), [X, Y] + 2Z~] 

we see that 

+ Zt + Z2 E w2'~A ', 

(6.2) 

[(1 + o)x, Y] e F), 

Xn (Ado(9)m) =r  log(Ado (9)m))) 

=~b(w_2nS(N,y + [O(X),X])) (N C g~ 
2 

=Xn(m)~(w-2nl BN(O(X), X)) = xn(m). 
A 
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Note that BN(A', A') C O gives BN(O(X), X) /2  E p2~. 

Now let c~n be as in the lemma. For (I) E C~(G(F)), we have from Lemma 6.1 

that 

fG(F) /GO(F)Oln(g, m)e;(Ado(g)m)dmdg 

: fK.(o) fKa s m) (ado(xk)m)amakax 
=UK,~(O)/KO/KO' X~(m)-lgp(AdO(x)Ad(k)ra)dradkdxmeas K 0 

writing y for Ad(k)m, 

= s Xn(Y)-l~(Ad~ 

If we put Z = Z~ + Z(O) := log(Ado(x)y), (Z ~ e g~ Z(O) �9 g(O,F)), 
X := logx, Y := logy, we have for sufficiently small X, Y that 

O(X,Y) = det (1 -1 0 ~ o )  F ( - 0 ) 1 9 ( 0 )  1~0) F =ldet(1-OIg(O'F))lFl' 

which is 1 by our hypothesis (g,p) = 1 (see the remark preceding Lemma 6.2). 

Combining this with Lemma 6.2, we deduce 

~(F) ~O(F)c~(g,m)O(Ado(g)m)dmdg 

: fo Xn(y)-l~(expZ)dZ(6~) f xnl(z)d2(z)dz 
gKn,o Jin,O 

(F) 

as desired. | 

LEMMA 6.5: The descent r of ~n to G~ (F) is given by 

measgn(0)-X,~(m) -1 if m �9 K ~ Cn(m) ( 0 otherwise. 
Proof We calculate the integral 

f 
r = I ~ n 0 , ' ~ ) d 9  �9 JG (F) 
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0 ! Since bo th  sides are zero unless m �9 K n , we assume this. Then  L e m m a  6.1 gives 

fc(F) an(g'm)dg= fK,(o) fgo a'dxk'm)dkdx 
= fKo(O) fKo xn(m)-I 

o 

= m e a s K ~ ( O ) ,  x~ (m)  -1.  I 

7. P r o o f  o f  T h e o r e m  4.1 

7.1. FROM D E G E N E R A T E  W H I T T A K E R  MODE L S  T O  C H A R A C T E R  EXPANSIONS.  

Let 7r �9 II(G(F)O) as in the theorem. We need the following results from [13]. 

LEMMA 7.1 ( L e m m a  1.13 in [13]): Suppose that the G(F)-orbit o f N  �9 ri~ 

be longs  to  JV'wh(71") max  : J~fB(Tl') max  (C~. [13, 1.16]). Let X �9 w[n/2]+bA M riN ( F )  

with b > D. 
(i) e x p X  normalizes K,~ and stabilizes X,~. 
(ii) ~r(expX)]E[x~] = id for sut~ciently large n. 

Let us write V~n := V(F)  A K '  n. Note tha t  [13, 1.9] 

/ 
X~n[L = Xn[U" = Xn[U~ = 1, for sufficiently large n, 

X'nlv'o = x l v ' ,  Vn >_ D. 

Using these, it was shown in [loc. cit.] tha t  

(7.1) 

If  we put  

1/v I~,m(~ ) - measV~ m , X(v)Tr(v)~dv, 
m 

�9 E[(x ' ,+] ,  r �9 s .  

:= U ker4 m, S' : =  , ,~,r U ker(l',mlN[r 
m>n m>n 

I ! then clearly we have E~, x = ~]~r E'n,r The m a p  j :  E[Xn]/En,x --+ Ev, x, 
justified by [3, 2.33] applied to (7.1), also decomposes  as a direct sum over ~ C E 

of 

Jr E[~X~,+]/E~,r > (Ev, x)r 

We apply  this decomposi t ion to [13, L e m m a  1.14], a consequence of L e m m a  7.1, 

to have 
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LEMMA 7.2: Suppose N E g~ and A d ( G ( F ) ) N  E J ~ W h ( 7 1 )  m a x  = J~fB(TI') max. 

Then for sufficiently large n, jr is injective and its image equals (E~,x) r 

Also applying the decomposition In,m = (~)r to another 

consequence [13, 1.151 of Lemma 7.1, we have 

LEMMA 7.3: Under the same assumption as in the previous 1emma, the map 

In,n+l: E[~X.,+] -+ E[r is injective for sufficiently large n. 

Noting N E o E Af~Vh(~r) max satisfies the assumption of these lemmas, we 

deduce the following consequences. 

PROPOSITION 7.4: Suppose N E o E Af~Vh(~r)max. Then we have 

t r ( l r (O)lE[x,, ] )  = tr(ejWN,r 

for sufficiently large n. In particular, this is not zero for a suitable choice of r 

Proof: If n is sufficiently large, we have from Lemma 7.2 

tr(011/YN,r (~))(55) E ((0) dim(EL, x )r 
CEE 

= E r dim(E[r162 +) 
CE~ 

= ~ C(O) dim(E[r U ker(/:,mlE[Cx~,+ ])) 
CE~ m > n  

= E ~(O)dimE[~x~,+] by Lemma 7.3 
CEE 

= tr(~r(O)lE[x~]). I 

COROLLARY 7.5: For any o E N~,h(~) ~ x ,  there exists o' E Hs,e(~') such that 
0 ~ 0  I. 

Proof: Thanks to Proposition 7.4 we may assume that tr(Tr(0)[E[xn]) r 0 for 

sufficiently large n and some r We take n sufficiently large so that K~ r E U~,o. 

Then Theorem 3.2 combined with Lemma 6.5 gives 

measgntr(r(O)iE[xn])  = OTrfl((fln) = E Co,,O(Tr)~o,(~) n O exp). 
o'eArs,e 0r) 

NOW we argue as in the proof of [13, 1.11] to have 

#o' (r o exp) -- meas K . .  Po' (o' M ( w - 2 n N  + w -~ (A'~ 
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where (M~ * is the dual lattice of A ~~ in 9~ with respect to r o B. This 

implies that,  since w2~o ' = o', for tr(Tr(O)[E[x~]) ~= 0 it is necessary that 

o' n N + w"(A'~ * ~ 0, n >> 0 for some o' E AfB,0(Tr). Since {w"(A'~ is a 

system of fundamental neighborhoods of 0, this implies N C 5 ~ and the result 

follows. | 

7 . 2 .  R E L A T I O N  B E T W E E N  T HE  K - T Y P E S  AND C H A R A C T E R  EXPANSIONS. 

m~x LEMMA 7.6: For N E o E AYB,0Qr) , we have 

tr(Tr(0)lE[x~]) = Co,O(~) 

for su~ciently large n and any r 

Proof: This can be proved in the same manner as [13, 1.12]. As in the proof of 

Corollary 7.5, we have 

tr(Tr(O)lE[Xn]) = E c~176176176 N (ViT-2ng + w-n(A'O)*)). 
o'~ArB,o(=) 

Then by the same reasoning as in [loc. cit.] the right hand side reduces to the 

term associated to o: 

tr(~r(O)lE[x,]) = co,o(Ir)Izo(O n (w-2nN + w-n(A'~ 

What is left is to calculate #o(• ~ with 3[ ~ := o N ( w - 2 " N  + w-" (a '~  This 

goes precisely in the same way as [lot. cit.] with G replaced by G ~ The result is 
that :~o equals 

{Ad(expXr X e wn(mh')O}, 

and hence we obtain 

#o (9~) = meas [ g O r 1 6 2  ~ a G ~ (F))] 

= [ det[md(r176176 IF" meas(w nmA''~ 

-----1. 

Here we note, firstly meas(w'~m h',~ -- Iw~dimm~ by our choice of measures 

(Remark 3.3), and secondly I det(Ad(r176 ~ (F))IF equals 

I det( Ad(C(w-"))lm~ 

= I w-ndimm~ IF" I I  Iw-nidimm~ IF 

i>2  

= Iw-ndimmOIF. I 
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7.3. PROOF OF THE THEOREM. W e  now prove Theorem 4.1 as the composite 

of the following two statements. 

PROPOSITION 7.7: (i) 0 max N Vh( ) c 
(ii) I f  o E J~f~Vh(7l')max, then for any N E o, r and m as in w we have 

tr(Ol)/YN,r = c,,o(~r). 

Proof" (i) For ol C Afewh(~r) max, we can take o E AfB,e(~) max with o _> ol by 

Corollary 7.5. If we write D and L~ 1 for the elements of Af(g(F)) which contain 

o and ol, respectively, then fl  _> D1. On the other hand, we know from Lemma 

7.6 that tr(7~(0)[E[xn]) = co,e(~r) is not zero for any N E o, r and sufficiently 

large n. This implies in particular 

0 • dimE[x~] meas K,, = O.(~n)  = E c o , ( w ) ~ o , ( ~  o exp) 
9'EN.(~) 

= E c o ' ( ~ r ) # 9 ' ( D ' N ( v z - 2 n N + v z - ~ ( n ' ) * ) )  ' 

by the proof of [13, 1.12]. Arguing as in the proof of Corollary 7.5, we can 

find 92  C NB(~) such that N E 92,  or equivalently, 91 C 9 C D2. Since 

D1 E Afwh(r) max = AfB(7~) ma~ ([13, 1.16]), this forces that D1 = 92  = 9 .  

Noting that 9 n ~0 (F) is a finite union of nilpotent G o (F)-orbits of the same 

dimension, we conclude from 51 C 5 that Ol -- o C AfB,0(~r) ma~. 

(ii) For arbitrary N E o and r C X , ( G ~  satisfying the conditions, 

Proposition 7.4 gives 

tr(01WN,r = tr(~(o)fg[xn])  , n >> 0. 

Thanks to (i), we can apply Lemma 7.6 to have tr(r(O)[E[xn]) = co,o(~). | 

THEOREM 7 .8 :  J~f0Wh(Ti')max = J~fB0 ('if) max. 

Proof: AfeWh(Tr)max C A/'Be(~r) max is clear from the previous proposition. Con- 

versely, if o E Af~(u) m~x c AfB,e(~) ma~, then the G(F)-orbit  D containing o 

belongs to Afwh(7~) m~x by [13], and tr(0[kYN,r is finite. Since N C o satisfies 

the assumption of Lemmas 7.1, 7.2 and 7.3, the proof of Proposition 7.4 also 

applies in this case to give 

IE[xd)  = co,o('~) # 0. tr(OlWN,r = tr(~r(O) Lemma 7.6 

Thus we have o C J~f~h(Tr) max. I 
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8. T w i s t e d  e n d o s c o p y  imp l i e s  t h e  gene r i c  p a c k e t  c o n j e c t u r e  

8.1 .  TWISTED ENDOSCOPY PROBLEMS TO BE CONSIDERED. The fundamentals 

of the general theory of twisted endoscopy are exploited in [12]. Here we treat  

some very special but important  examples of the theory introduced by Arthur 

[2, w As for notation about endoscopy, we refer the reader to Appendix A. 

Let F be a p-adic field of odd residual characteristic. Recall that  a twisted 

endoscopy problem is attached to a triple (G, tO, a), where G is a connected reduc- 

tive group over F,  tO is a quasi-semisimple automorphism of G and a is a class in 

H 1 (WE, Z(G)).  a can be considered as the equivalence class of Langlands param- 

eters attached to a character w of G(F). Then the theory is intended to study 

those irreducible admissible representations or "packets" H of G(F) satisfying 

HotO ~_ w |  

Let E be a quadratic extension of F or F itself. Write ~ for the generator of the 

Galois g r o u p  [~E/F of this extension. We shall be concerned with the following 

triple (L, tO, 1). L := ReSE/f  GL(n). tO := tOn o ~ where tOn is the automorphism 

- 1  O~(g) := Ad(I~)(tg-1), I,~ := . , 
o. 

_l)~-I 
and ~ denotes the F-automorphism of L attached to a by the F-s t ructure  of 

GL(n). The sets of endoscopic data which we shall consider are given as follows 

[2, w (see also Appendix A). 

CASE (A): E % F. In this case, we have LL = GL(n,C) 2 ~pL WE with 

pL(w)(gi,g2) = { (gi,g2) i fw  E WE, 
(g2,gl) otherwise. 

The set of endoscopic data  is (G, LG, s, ~), where G is the quasisplit unitary group 

UE/F(n ) in n variables attached to E / F ,  s := (ln, ln) E G and ~: LG ~ LL is 

given by 

~(g )~pc w) = (g, tO,~(g)) xpL w, g E G = GL(n, C), w E WE. 

CASE ( B ) :  E = F,  n = 2m is even. In this case  LL : GL(n,C) z WE. The 

set of data  is (G, LG, s, ~) where G = SO(2m + 1) is the split orthogonal group 

in 2m + 1 variables, s := 12m and 

~ : L G ~ g x w ~  ~ g x w E L L .  

Here G = Sp(m, C) is realized with respect to I2m. 
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CASE (C): E = F ,  n = 2 m  + 1 is odd. The set of data (G,  LG, 8, 4) is given by 

G = Sp(n), s = 12,~+1, 

~ : L G 2 g x w ~ - - ~ g •  

Here G = SO(2m + 1, C) is realized with respect to I2m+l- 

CASE (D): E = F,  n -- 2m is even. Let K be a quadratic extension of F or 

F itself. The set of data is (G, LG, s,~). Here G is the quasisplit orthogonal 

group which is isomorphic to the split group SO(2m) over K,  and on which the 

non-trivial element r of Gal(K/F) (if it exists) acts by the unique non-trivial 

element of Int(O(2m))/Int(SO(2m)). s := d i ag ( i ,~ , - lm)  and ~ is given by 

~(g ~p~ w) = Im 
t i m • w otherwise. 

Here G = SO(2m, C) is realized with respect to (,m Im ). 

8.2. WORKING HYPOTHESES. We now make some assumptions on the har- 

monic analytic aspects of the twisted endoscopy for (L,0, 1) and (G, LG, s, 4) 
introduced above. For any 5 c L, we write L ~'~ for the group of points in L fixed 

under Ad(5) o 0 and L~,e for its identity component. 5 E L is 0 -semis imple  if 

Ad(5) o 0 induces a semisimple automorphism of the Lie algebra Lie Lder of the 

derived group of L. A 0-semisimple 5 E L is P- regular  if L~,a is a torus, and 

s t r o n g l y  P- regular  if L z,e is abelian. We write Lo,sr(F) for the set of strongly 8- 

regular elements in L(F). At each 5 E L0,sr(F) we define the 0-orb i ta l  i n t eg ra l  

by 

05,0(f) :~- ~L,i,o(F)kL(F)f(g-150(g))~t. 
Two strongly P-regular 5, 51 C L(F) are s t ab ly  P -con juga te  if they are 8- 

conjugate in L(F).  We define the s t ab l e  P-orbi ta l  i n t eg ra l  at 5 E Le,s~(F) 
by 

S05,o(f) := ~ O~,,o(Y). 
5 t stably 0-conj. to5 

rood. 0-conj. 

In [12, Ch. 3], Kottwitz and Shelstad constructed the (strongly regular) n o r m  

map ,  which we denote by NL/G, from the set of stable 0-conjugacy classes in 

Ls,s~(F) to that of strongly regular stable conjugacy classes in G(F). Also they 

defined a function AL/G(7, 5) on Gs~(F) • L0,s~(F) called the t r a n s f e r  fac tor .  
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Of course their construction applies to the most general setting�9 In our case, we 

know that 

1 if 3' C NL/G(5), 
(8.1) ALIa(3",5) = 0 otherwise�9 

To define the endoscopic lifting, we need the following conjecture. 

CONJECTURE 8.1 (Transfer conjecture): For f C C~(L(F) ) ,  there exists I v  

C~(G(F) )  such that 

s o . , ( F )  = Z/XL/G(3`, 
5 

Here 5 runs over the O-conjugacy classes whose norm contains 7. 

As opposed to the ordinary (i.e., 0 = id) case, we do not have the precise notion 

of stable distributions in the twisted case. But we assume this in the following�9 

We also have to postulate the existence of discrete L-packets. An irreducible 

admissible representation 7r of G(F) is s q u a r e  i n t e g r a b l e  if it appears discretely 

in Harish-Chandra's Plancherel formula for G(F). The set of isomorphism classes 

of such representations is denoted by ndi~c(C(F)). 

CONJECTURE 8.2: (1) [ I d i s c ( G ( F ) )  is partitioned into a disjoint union of finite 

sets of representations II~ called (discrete) L-packets: 

IIdisr = I I  1-I~o. 
~or 

(2) There exists a function (7(1, o): II~ -+ C • such that 

~o:= ~ a(1,1r)~,~ 
~rEH~, 

is a stable distribution. 

An irreducible admissible representation of G is tempered if it contributes non- 

trivially to the Plancherel formula. Let P -- M U  be a F-parabolic subgroup of 
�9 1G(F)r G and T E [ I d i s c ( M ( F ) ) .  Then the induced representation ln(1p(F)[T | 1U(F) ] is 

a direct sum of irreducible tempered representations of G(F):  

~r 
�9 G ( F )  
mdp(F) [r | 1U(F)] ~-- ( ~  7ri(T). 

i=l 
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Moreover, any irreducible tempered representation of G(F) is obtained in this 

way for some (M, T) unique up to G(F)-conjugation. Regarding this, we define 

a t e m p e r e d  L-packe t  by 

n ,  := H 1 < i < 
rErI  M 

where H M is a discrete L-packet of M. By putting 8(1, 7q(~-)) := 5(1, T), Conjec- 

ture 8.2 with IIdisc(G(F)) replaced by the set IItemp(G(F)) of the isomorphism 

classes of irreducible tempered representations of G(F)  follows. 

Finally, we say that 7r E II(L(F)0) is 0 -d l sc re te  if it is tempered and is not 

induced from a 0-stable tempered representation of a proper Levi subgroup. We 

write IIdisc(n(F)0) for the subset of 0-discrete elements in II(L(F)0).  Note that 

each 7r C IIdisc(L(F)0) is generic [20]. Now we can define the twisted endoscopic 

lifting which we need. 

CONJECTURE 8.3: There should be a bijection ~ from the s e t  ( I )d i sc (G(F) )  of 

discrete L-packets of G(F) to IIdisc(L(F)O), which should be characterized by 

o ~ ( n ) , o ( f )  = c .  On(ya), 

for any f 6 C~(L(F)) and f a  E C~(G(F)) as in Conjecture 8.1. Here c is some 

l i o n - z e r o  c o n s S a n t .  

Although we can be more explicit about the constant c if we adopt the Whit- 

taker normalization of the transfer factor [12, 5.3], it is not necessary for our 

purpose. 

8.3. T E  IMPLIES GPC.  Now we prove the following. 

THEOREM 8.4: Assume Conjecture 8.3. Then the generic packet conjecture holds 

for G. 

Write [ : =  LieL. For h E C~(I(F)) and t C F • we put ht(X):= h(t- lX),  
(X c [(F)). We assume that the support of f C C~(L(F)) is sufficiently small 

so that there exists a neighborhood V of 0 in [(F), on which the exponential 

map is defined and injective, satisfying supp f C exp(V). Then we can consider 

f o exp E C~([ (F) ) .  Taking t sufficiently small, we may define ft C C~(L(F)) 
by f to  exp := ( f  o e x p )  t.  Further, we might take f and V so that the transferred 

function fG satisfies the same condition. We define ft a in the same fashion. As 

in [16, Lem. 9.7], one can deduce from (8.1) the following: 
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LEMMA 8.5: L e t  f E C~(L(F))  and f c  C Cy(G(F))  be as in Conjecture 8.1. 
Suppose that supp f is so small that we can define ft and f~  for suttlciently small 
t. Then we have 

SO, ( f~ )  = Z & / a ( ~ '  5)O~,o(f,~), 
5 

for t C F x small enough. 

�9 C(U) Let us prove the theorem. Since lndp(F)['r | 1U(F) ] is generic if r is so, we are 

reduced to the case of a discrete L-packet II. Then by Conjecture 8.3, we have 

@g(n),0(f) = E a(1, rr)O~(fc). 

Suppose that supp f is sufficiently small. Then applying the asymptotic expan- 

sions (3.1) and (4.1) to the left and right hand sides respectively, we have 

E co,o({(H))~o(: ~ o exp) = E E ($(1, 9r)co(rr) fio(f c o exp). 
OEAf(Ie (F)) ocAf(9(F)) 7reII 

Here fo C C~(Ge(F)) is the descent of f .  

Let o C Af(g(F)) and N C o. We say that o is r - r e g u l a r  if the variety ~By 

of Borel subalgebras of t~ containing N is r-dimensional. It is a result of Harish- 

Chandra that 
A G #o(ft2 o exp) = ItlF-e(O)'fio(f ~ o exp) 

for an r-regular o [9, Lem. 22]. Here g(G) denotes the dimension of the flag variety 

of G. The same is true for [e. Now recall that {(H) is generic. That  is, for any 

0-regular nilpotent N and @ as in w we have WN,r # 0. It follows from 

the uniqueness of the Whittaker model that tr(~(YI)(e)IWN,,(~(YI)) ) = 1, and 

hence co,0({(II)) = 1 for the regular nilpotent orbit D. Thus in the equality 

E co,o(f(II))~o(f~ o exp) = E E 6(1, 7r)co0r ) ~o(fg o exp), 
DEAf(Io (F)) oEAf(9(F)) r ren 

the term of order - g ( L  e) = -g(G)  in ]tiF on the left hand side is not zero�9 Thus 

co(rr) is not zero for at least one regular o. This combined with [13, 1.16, 17] 

implies the genericity of II. 

Appendix  A. Twisted endoscopic d a t a  for  GL(n) 

Here we classify the isomorphism classes of the sets of elliptic endoscopic data 

for the triple (L, 0, 1) in w over F,  a local or global field of characteristic zero. 
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Fixing an algebraic closure F' of F ,  we write FF and WE for the absolute Galois 
group and the Weil group of _P/F. If F is global, we write AF for the addle ring 
of F.  For convenience we take the 0-invariant F-splitting spi n := (B, T, {Xa}) 
of L coming from the standard splitting spl,~ = (Bn, Tm {X~}~_I) of GL(n).  

Recall that the L-group LL = L >4pL WF is given by 

[, = GL(n,C)  IF:El, pL(w)(g,h)  = { (h,(g'h)g) otherwise.ifw �9 WE, 

A.1. DEFINITIONS. We return to a general (G, 0, a) in this subsection. We 

take a splitting spl~ := (B, T, {A'~}) of G fixed under the FF-action Pc. The 
dual of the inner class of 0 is an automorphism of the based root datum of G. 
This lifts to an automorphism 0 of G which preserves spl~. In the case G = L, 
we take spl L to be the standard one for GL(n, C) [E:F]. Then 0 becomes 

{ ~(9, h) = (O,~(h), On(g)) if [E:  F] = 2, 
O(g) = 0,,(9) otherwise. 

Recall from [TE] that a quadruple (H, 74, s, ~) is a set  o f  endoseop ie  d a t a  for 

(G, 0, a) if 
�9 H is a quasisplit connected reductive F-group. We fix an L-group datum 

(2, 
�9 7-/is a split extension 

1 - - ~  H > ~ rr)W F >1. 

Thus we have an injective homomorphism t :  W F r ~'~ satisfying r o ~ = 
idwF. We impose that the inner class of Ad(L(w))IH coincides with that of 

pH(w) for any w C WE. 
�9 s i s  a 0"-semisimple element in G (ef. w 
�9 ~: 7-~ r LG is an L-embedding satisfying 

(A.1) Ad(s) o 0 o ( = a ' . ~ ,  3 a ' e a ,  

(A.2) '~(H) = Gs,~" 

A set of endoscopic data (H, 7-/, s, ~) is el l ipt ic  if ~(Z(H)rF)  ~ c Z(G). Two 
elliptic sets of data (H, 7g, s, ~) and (H', 7g', s', ~') are i somorph ic  if there exists 

g E G such that 

(A.3) ('(7-/') = Ad(g)~(N), 

(A.4) s' �9 Ad(g)s.  Z(G). 
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A.2. ~-SEMISIMPLE CLASSES IN L. We name the cases we consider as follows. 

(A) E is a quadratic extension of F.  

(B) E = F a n d n = 2 n  ~ f o r s o m e n  ~CN. 

(C) E = F a n d n = 2 n  ~+1  for s o m e n ' � 9  

To classify the endoscopic data, we begin with the classification of s and H. Recall 
that our ~preserves T. Set T(~'):= ( 1 -  ~)T and 7~ := T / T ( ~ ) .  Introduce the 
a b s o l u t e  n o r m  map 

The following lemma follows from a simple calculation. 

LEMMA A. 1: ker N~-= T(0). Hence we can identify ~ with Im N~-. 

The set of ~'-semisimple s E L up to isomorphisms is simply that of 

0"-semisimple 0-conjugacy classes in L modulo Z(L). Thanks to [12, Lem. 3.2.A], 
this set is in bijection with Z(L)~-\T~-/fi 6, where Z(L)b-:-- Z ( L ) / Z ( L )  M T(0"), fi 
is the Weyl group of T in L and t2 e is its 0-fixed part. Using Lemma A.1, we 
identify T~ with 

{ { ( d i a g ( t l , . . . ,  tn), d i a g ( t ~ l , . . . ,  ti-1))] ti �9 C • } 
{ d i a g ( t l , . . . ,  t~,, t ~ ) , . . . ,  t~-~)l t~ �9 C • } 
{diag(tl  . . . .  , tn,, 1, tn, l , . . . ,  t{-1)[ t~ E C • } 

in case (A), 
in case (B), 
in case (C). 

Write L~- for the identity component of L~'. Since 0 preserves spl~, fi e equals the 
Weyl group of Tê  = Im N~- in L~-. We have 

{{(g ,0~(g)) Ig c GL(n ,C)}  in case (A), 
~ = @(n ' ,  c )  in case (B), 

SO(2n J + 1, C) in case (C). 

The action of ft(/.~-, T~) oil T~ is obvious. Noting the identification 

{(Zln, z - l l n )  I z e C x } if [E:  F] = 2, 
Z([ , )~= N~(Z(L))  = {1} otherwise, 

we obtain the following. For m = (rnl . . . .  ,m,.) G N ~ and _A = ()~l,.--,Ar) 

(C•  we write din(A_) = diag()~llm, . . . .  , ~ A m . ) .  Similarly set din(g) := 
I "  r d i a g ( g l , . . . , g ~ )  for g -- (g~)~L1 C I]~=1 GL(m~). Write Ira1 = ~ = ~  m~ for the 

length of m, and r(m) := r. 
A 

LEMMA A.2: The O-semisimple elemeuts s up to isomorphisms are given as 
follows. 
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(A) There exists a partition m o f n  and A_ C (C x )r(m) with )~i # "~j for i r j ,  

such that  N~-(s) = (dm(_A), On(dm(/k))) and s = (In, On(dm(~))). 
(B), (C) There exists m with [m[ _< n' and A C (C • )r(m) with )~i # )~j # +1 

for i # j, such that 

J" diag(dm(A),-- lm' ,  12m,--lm,, 0lml(dm(~)) ) in case (B), 
N-~(s) = I. diag(dm(_A), --lm', 12m+1, --lm', 0lml(dm(A_))) in case (C), 

diag(lfml,lm:,12m,-lm,,Olmi(dm(A)) ) in case (B), 
s = I. diag(liml, lm, 12m+1, --lm, 0lmi(d~(_A))) in case (C). 

A.3. TWISTED CENTRALIZERS. Next we classify H = Ls,~" Our s t rategy is 

standard: First  calculate the (connected) centralizer LNo..(s), then determine the 

fixed part  L~,~ of the involution Ad(s)  o 0" on LNo~). 

From the above lemma LN--(s) is given by 

{(dm(g),On(dm(g')))l g, g' C I I  GL(m~,C)} 
i=1 

in case (A), and 

(: g bd),Olml(dm(g_'))) 
g, g! C rlir=l GL(mi, C) I 

g'=(~ ~)eGL(2m',C) 
g C aL(no, C) 

in cases (B) and (C). Here no = 2m in case (B) and 2m + 1 in case (C). Then 
one can easily see that  Ad(s)  o 0 restricted to LN~(s) acts as (dm(g), dm(g_')) 

(0im I (din(g)), 01m i (din(g_'))) on the l-Ii~l GL(mi, C)-component,  

gP 
0/~ ', Im'))(tg -1) 

> 0m' 

A d ( / / '  Ore, Im, ))(tg-1) 
~\-tI.,, Ore, 

in case (B), 

in case (C), 

on the GL(2m')-component, and 

gl  

Ad(  tim ( - 1 )  m ) 

in case (B), 

(tg-1) in case (C), 

on the GL(2m)- or GL(2m + 1)-component.  Thus we conclude: 
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(A) If E r F,  we have 

(A.5) 
r 

= ~s ,g=  {(dm(g_),Oim,(dm(g_))) I g_ C 1-IGL(mi,C)}. 
i = 1  

(B,C) If E = F,  ~,,b" consists of the elements of the form (a b) 
diag(dm (g_), g ,0]m](dm (9_))) , 

c d 

with 9_C [I[=1 GL(mi, C) and (9' := ( :  b) ,9)belongs  to 

{ O(2m', C) • Sp(m, C) in case (B), 
Sp(m', C) • O(2m + 1, C) in case (C). 

Hence 

1-I~=1 GL(mi, (I) x SO(2m', C) x Sp(rn, C) in case (B), (A.6) l-L=1 GL(mi, C) • Sp(rn', C) • SO(2m + 1, C) in ease (C). 

A A 

A.4. Norm(H,L) .  Our next task is to classify the L-action PH for H. We 
always identify 7-/ with {(7-/) C LL. Then a splitting c of 7-/ (see A.1) can be 
written as 

(A.7) t(w) = a~(w) xpL w, w e WE, 

where a~(w) is an L,-valued 1-eocycle satisfying (Ad(a~(w)) o pL(w))(H) = ~r. 
A A A A 

Thus we need to calculate Norm(H, L). For this we use the relation Norm(H, L) 
C Out(H)  ~< ( ,qCent(H,  L)). 

A A A 

Notice that Cent(H, L) is contained in Cent(Z(H),  L) while this latter group 
equals LN.-(s). Thus Cent(H, L) = Z(L,N~,) ). 

Next calculate Out(H).  We take the standard splitting sp l~  = (13H, TH, {Y~}) 
given by the "intersection" of splg with H. That is, BH =/3  (3 ~r, TH = Tg and 

X.. 
c*;al~-H =/~ 

Then Out(H)  is identified with the subgroup of Aut(H) which consists of ele- 

ments preserving spl~.  First we calculate the outer automorphism group for 

each direct component of H. Clearly Sp(m) and SO(2m + 1) have no non-trivial 
outer automorphisms; we have only to consider GL(m) and SO(2m). 
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Let us start  with Out(GL(m)). Take 7 60ut(GL(m)).  Since Ant(Gin) = 

{4-1}, TIZ(GL(m) ) and the automorphism ~ of GL(m)/SL(m) induced by T coin- 

cide. On the other hand, we know from the Dynkin classification that  ~-ISL(m) 6 
(0m). Now Z(GL(m)) A SL(m) = iu,~ implies that  

(A.8) Out(Gi(m)) = (Om) 

for m > 3. Here #m denotes the finite algebraic group consisting of the ru- 

th. roots of unity. When m -- 2, Out(SL(2))  is trivial and 7- E Out(GL(2))  is 

determined by ~: ~- -- 02 if ~ = - 1 ,  and trivial if so is ~. Thus (A.8) is valid for 

any m 6 N. 

Next comes SO(2m). For SO(4), we write 

U := {(Hi,g2) 6 G5(2)21 de tg l  = detg2}. 

Then we have an isomorphism 

H/Gm ~ (gl,g2)' > gl | e2(g2) �9 SO(4) 

in our realization of SO(4). From the consideration above, we know that  

Out(Gn(2)  2) = (02} 2 ~ 6 2  and hence Out (H)  = (02 X 02) X 62-  Here, | denotes 

the symmetric group of degree n. Since 02 • 02 induces the trivial automorphism 

on H/Gm, we conclude that  

Out(SO(4)) = 62 =: (e2). 

Consider SO(6). G / ( 4 )  acts on W := Gda by the standard representation. If we 

equip the vector space V := A 2 W with the quadratic form 

4 

A : V @ V ~ v @ w l  ) v A w C A W ~ - G a ,  

we obtain the homomorphism ~o: SL(4) --~ O(V). If  we write { e l , . . . ,  ed} for the 

standard basis of W and identify e~ A . . .  A e4 �9 A 4 W with 1 �9 Ga, then O(V) 
coincides with 0(6)  in our realization. A Witt  basis of V is given by 

{el  A e 2 , e l  A e3, e2 A e3; e l  A e4, e2 A e4, e3 A e4}. 

Thus ~ restricted to the diagonal subgroup is given by 

~(diag(tl ,  t2, t3, (tlt2t3)-l)) = diag(tlt2, tit3, t2t3, (t2t3) -1, (t,t3) -1, (tit2)-1). 

This shows that  ~ descends to the isomorphism SL(4)/#2-74S0(6), and we 

conclude 

O u t ( S O ( 6 ) )  = (~3), 
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where c3 corresponds to 04 C Out(SL(4)/tt2).  Now we consider general m. Write 
em for the unique outer automorphism of SO(2m) coming from Int(O(2m)). Then 

we have 

(A.9) Out(SO(2m)) = (em). 

This follows from the Dynkin classification for m > 4. When m = 4, the auto- 

morphism group of the Dynkin diagram is | but only the trivial automorphism 

and e4 lift to automorphisms of SO(8) (or its based root datum). The case of 

m <_ 3 is treated above. 
We have proved the following. 

LEMMA A.3: If  we write 

I]i=l GL(ni) k~ in case (A), 
B ~- 1-[~:1 GL(ni) k' x SO(2m') x Sp(m) in case (B), 

Sp(m') x SO(2m + 1) in case (C), 1-Ii=l GL(ni) k' x 

with ni # nj, (i # j ) ,  then we have 

Out(H)  = { I]~=l(0"'>k~ ~ | in cases (A) and (C), 
1-If=l(0n,) k' )~ @k, • (era) in case (B). 

We have written Oo and eo for the trivial automorphism of {I}. 

COROLLARY A.4: We have 

Norm(H, L ) =  { [I~=l | ~< (HZ(LNo^(S))) 
Out(B) 

in case (A), 

in cases (B), (C). 

A.5. ELLIPTICITY. Here we show that the ellipticity of (H, 7-/, s,~) eliminates 
many cumbersome cases. 

First we examine the condition (A.1). Granting (A.7), this reads 

Ad(s)(0"(h. a~(w)) xvL w) = h.  a~(w)a'(w) >%L w 

for h E B ,  w ~ WE. Here a' is a Z(L)-valued 1-cocycle which is trivial if F 

is local, and everywhere locally trivial if F is global. We fix once and for all 

we E WE ". WE when E r F. Then (A.1) is equivalent to the following two 
formulae: 

(A.10a) Ad(s)0(a~(w)) = a~(w)a'(w), w E WE, 

(A.10b) s'd(a~(w~))pL(a)(s) -1 = a~(wo)a'(w~). 
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Since at]WE is trivial or everywhere locally trivial if and only if at[WE -~ 1, 
(A.10a) becomes 

(A.10a') a~(WE) C ~s,~. 

(A.10b) effects only case (A). Then a' is (everywhere locally) trivial if and only 

if a'(w~) = (z l , ,  z - l l , )  for some z c C • Thus writing a~(wo) = (x,y), x, 
y C GL(n, C), we have 

(A.10b') (1,, O,(dm(A_)))(On(y), O,(x))(O,(dm(A_)) -1, 1,) = (zx, z-~y). 

A.5.1. Elliptieity in case (A). Since a~(WE) C L~'~ ~ H in this case, only 

w C WE \ WE acts non-trivially on Z(H)  and we have 

PH (w~,)dm (_z) = Ad(x)Ol~ I (din (z_)). 

The ellipticity condition holds only if this equals d m ( z l t , . . . , z r l ) ,  that  is, x 

must be of the form 

X---- IX r 

Now (A.10b') gives 

z ( a l l O ~ ( x i )  

= z-~On(x)am(~) = z-~ 

X2 Xl I xi E GL(mi,  C). 

A;lo~(x~)) ~ ((~_)) 
�9 "" =ZOn dm x = y 

/ 

�9 ~,.0~(x~) 

and hence A 2 = z 2 for any 1 < i < m. Since s is considered modulo Z(L)~-, we 

may assume that z = • and 

(A.11) s = s m : = ( l ~ , d i a g ( 1 , ~ , - l m , ) ) ,  m + m ' = n .  

A.5.2. Elliptieity in cases (B), (6'). Since PL is trivial in these cases, the 
A A 

1-cocycle a~(w)is Norm(H, / ) -va lued  and we have 

pH(w)IZ(ffI) = Ad(a,(w))lZ(~I),  w e WE. 
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Also (A.10a') forces tha t  a~(WF) is contained in 

(A.12) Im(LS'b'--+ N o r m ( H , L ) )  = { (era) x H in case (B), 
{+1} x _~ in case (C). 

Here in case (C), {+ l}  is the center of O(2m + 1) C ~s,b'. Then  we can easily 

see tha t  ~ ( Z ( H ) r F )  ~ contains 

{ { (z i l ,~ ) [=  i x • z +12m [zi E C x } in case (B), 
{(Zilml)r=l X +12m, • 12m+i ]Zi E C x } in case (C). 

Thus the ellipticity is equivalent to r = 0 and we have 

diag(lm,,  12m, -- lm')  in case (B), 
(A.13) s = Sm := d i a g ( l m , , 1 2 m + l , - l m , )  in case (C). 

A.6.  ELLIPTIC ENDOSCOPIC GROUPS. Now we can classify H.  

LEMMA A.5: The elliptic endoscopic groups of ( L, O, 1) are the following. 

(A) There is only one endoscopic group Hm = UE/F (m) • UE/F (m') associated 

to Sm in (A.11). Here UE/F(m) is the quasisplit unitary group in m variables 

attached to E lF .  

(B) The endoscopic groups associated to Sm in case (B) of (A.13) are Hm = 

SO(2m') x SO(2m + 1), K H m = K sO(2rn') x SO(2m + 1). Here SO(n) denotes 

the split special orthogonal group in n variables. K is a quadratic extension of 

F. K SO(2m') is the quasisplit special orthogonal group such that 

(1) KSO(2m') | K ~_ SO(2m')K. 

(2) The generator cr of FK/F : Gal(K/F) acts on gso(2m' )  by the 

unique element of I n t ( O ( 2 m ' ) ) \ h i t ( S O ( 2 m ' ) )  which preserves a 

splitting. 

(C) There is only one endoscopic group Hm = SO(2m' + 1) x Sp(m) associated 

to s~  in case (C) of (A.13). 

Proof'. To classify H or equivalently LH = ~I )4pH WF, it suffices to determine 

the Galois action PH. By the condition imposed on 7t in A.1, it suffices to classify 

{Ad(a~(w)) o pL(W))~eWF modulo In t (H) .  

We begin with case (A) where s = Sm and H = GL(m, C) x GL(m', C). We 

know from A.5.1 tha t  a~(WE) C Jim and 
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Thus we get KH m. 

It follows that 

(W) = { idaL(n) • idGL(n') if w E WE, 
Prim On x On' otherwise, 

and (A) is proved. 

Next consider cases (B) and (C). For s = Sm, we know 

SO(2m', C) x Sp(m, C) in case (B), 
fiIm= [ Sp(m', C) x SO(2m + 1, C) in case (C), 

while a~(w) is contained in (A.12). In case (C), Prim must be trivial and we 

have done. Consider case (B). If a,(WF) C ffIm, Prim is again trivial and we 

have Hn.  But otherwise, we have the quadratic extension K determined by 
W g : :  a~-l(/~n) and 

{ /~m i fw  C WK, 
a,(w) E r otherwise. 

I 

A.7. ELLIPTIC ENDOSCOPIC DATA. Finally we conclude the following. 

THEOREM A.6: The sets of elliptic endoscopic data for the triple (L, O, 1) up to 
isomorphisms are the following. In ali cases, we identify ~I and 7-I with their 
images under ~. 

(A) E r  F. Cm=(Hm, LHn, sn ,~n) ,O<m<_n.  Here, writingm' : - - n - m ,  

H~ : UE/F(m) • UE/F(m'), sm : :  ( 1 , , d i a g ( l n , - l m , ) ) ,  

' m ( h , h ' ) : ( (  h h , ) , (Om' (h ' )  On(h))  ) , ( h , h ' ) e H n ,  

~nIWE : (d iag( ln ,  #ln'), diag(/z-Xln,,  ln)) •PL idWE, 

In  - l n ' ) )  w~. 

# is a character o fE  x (resp. A ~ / E  • whose restriction to F x (resp. A~) is the 

quadratic character ~E/F associated to E / F  by the classfield theory if F is local 
(resp. global), w~ is a fixed element in WE \ WE. 

(B) E = F and n = 2n' is even. s = (Hn, LHm, Sin, ~m), 0 < m <_ n' and 
KEn = (Kiln, L(K Hm), Sn, KEn), 0 <_ m < n' - 1 for each quadratic extension 

K of F. Here, writing m' = n' - m, 

Um= SO(2m') x SO(2m + 1), 
KH n = gsO(2m') • SO(2m + 1), Sn = diag(ln, ,  12m, - lm') ,  
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~:~m(~) = { 

"~.~ = ~m or ~:r 

,h)  = h , ( h ' =  (e  ,h) 
d 

~m(W) = 1,~ x w, w ~ WF,  

1 n X W i f w  C W K ,  

( 12m X w o t h e r w i s e .  
t i  m , 

(C) E = F and n = 2n'  + 1 is odd. Em = (Hm, LHm, Sin, ~m) and KEm= 

(Hm, LHm, Sm, K~m) for each quadratic extension K of F, 0 <_ m <_ n'. Here, 

writing m' := n '  - m, 

Hm = SO(2m' + 1) x Sp(rn), sm = diag( lm, ,  I2m+1, - - lm ' ) ,  

,h) = ( h ' =  c 
~ d c ' 

~m(W) = L, X W, wCWF, 
In X w if w C W K ,  

gG~(w) = d i a g ( l m , , - 1 2 m + l ,  lm,)  X w otherwise. 

Again ~ = (m or K~m. 

Proof'. First  note tha t  the sets of da ta  listed in the theorem are all well-defined. 

Also, it follows easily from the above a rguments  tha t  any sets of elliptic endo- 

scopic da ta  for (L,0 ,  1) is isomorphic to one in this list. (Observe tha t  the 

i somorphism class of  ~m in case (A) is independent  of the choice of #.) Thus 

what  is left to show is tha t  the da ta  in the theorem are not isomorphic to each 

other. This  is obvious in cases (A) and (B): in case (A), (ml(w) and ~m2(W) 

are not L-conjugate  unless m l  = m2; in case (B), the endoscopic groups are all 

distinct.  In case (C), it suffices to show tha t  E m and KErn a r e  not isomorphic.  

Suppose tha t  these are isomorphic.  Then  an i somorphism g E L from E m to  g E  m 

belongs to N o r m ( H ,  f,) = H Cen t (H ,  I,). But  such a g centralizes g~mlW F and 

~mlWF. ! 
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